On the supersymmetric limit of Kerr-NUT-AdS metrics 
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Generalizing the scaling limit of Martelli and Sparks |hep-th/0505027| into an arbitrary number 
of spacetime dimensions we re-obtain the (most general explicitly known) Einstein-Sasaki spaces 
constructed by Chen, Lii, and Pope hep-th/0604125 . We demonstrate that this limit has a well- 
defined geometrical meaning which links together the principal conformal Killing- Yano tensor of the 
original Kerr-NUT-(A)dS spacetime, the Kahler 2-form of the resulting Einstein-Kahler base, and 
the Sasakian 1-form of the final Einstein-Sasaki space. The obtained Einstein-Sasaki space possesses 
the tower of Killing- Yano tensors of increasing rank — underlined by the existence of Killing spinors. 
A similar tower of hidden symmetries is observed in the original (odd-dimensional) Kerr-NUT-(A)dS 
spacetime. This rises an interesting question whether also these symmetries can be related to the 
existence of some 'generalized' Killing spinor. 



PACS numbers: 04.50.-h, 02.40.-k, 04.50.Gh, 04.20.Jb 



I. INTRODUCTION 

In the last few years, there has been a consid- 
erable interest in constructing explicit examples of 
compact Ricmannian manifolds admitting Killing 
spinors. Among them, of primary interest are the 
Einstein-Sasaki spaces which provide supersym- 
metric backgrounds relevant to the AdS / CFT cor- 
respondence The most interesting examples 
recently obtained are the infinite families of 5D 
YP'i [all and LP^ r spaces and their higher- 
dimensional generalizations 0, H, 0, [H, H, 0, @, H, 

There are several approaches to the construc- 
tion of these Ricmannian manifolds. For example, 
it turned out that the Y p,q spaces can be obtained 
by a certain scaling limit of the Euclideanised five- 
dimensional Kerr-(A)dS black hole metrics [111 ]. 
More generally, one can consider an Euclidean ana- 
logue of the BPS limit of the higher-dimensional 
Kerr-NUT-AdS spacetimes |, i, i, OH (see also 
[l2| for the limit in the Lorentzian regime). In this 
approach, one studies the eigenvalues of the Bo- 
gomol'nyi matrix arising from the supersymmetry 
algebra, see [l3|. The condition for saturating the 
Bogomol'nyi type bound imposes restrictions on 
the 'charges' of the Euclideanised Kerr-NUT-AdS 
metric and suggests a certain limit of the parame- 
ters characterizing the solution. The requirement 
that the resulting metric remains non-trivial de- 
termines the necessary additional transformation 
of coordinates. Consequently, the odd-dimensional 
Kerr-NUT-AdS metrics give rise to the Einstein- 
Sasaki spaces whereas the even-dimensional Kerr- 
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NUT-AdS metrics result in the Ricci-fiat Kahler 
manifolds. 

A slightly different approach to constructing 
the Einstein-Sasaki spaces is based on the fact 
that an (odd-dimensional) Einstein-Sasaki space 
is in a one-to-one correspondence with a one di- 
mension lower (even-dimensional) Einstein-Kahler 
metric (see, e.g., [3]). Namely, let g EK be a 2n- 
dimensional Einstein-Kahler manifold obeying 



Ric EK = (2n + 2)g E 



(1) 



and f2 be its associated Kahler 2-form with the 
potential A, l~i = dA. Then the U(l) bundle over 



(2A + dll> n f 



(2) 



is a (2n 
obeying 



l)-dimcnsional Einstein-Sasaki space 



Ric K 



(3) 
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This property was used by Martelli and Sparks 
@ to re-construct the L p,l? ' r spaces, discovered ear- 
lier by the BPS limit by Cvetic et al. 0, In 
their construction, Martelli and Sparks first ob- 
tained a family of 4D local toric Einstein-Kahler 
metrics, by taking a certain scaling limit of the Eu- 
clideanised form of the Kerr-NUT-(A)dS Carter- 
Plcbahski metric \vi\ , and then constructed 

the final Einstein Sasaki space as a U(l) bundle 
over this metric. 

In this paper we want to take a closer look at 
this approach. It is now known that the gen- 
eral Kerr-NUT-(A)dS metrics in D > 3 spacetime 
dimensions [To| possess a hidden symmetry asso- 
ciated with the principal conformal Killing- Yano 
(PCKY) tensor [II]. We shall show that the scal- 
ing limit of Martelli and Sparks may be understood 
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as a process in which the original (completely non- 
degenerate) PCKY tensor becomes a completely 
degenerate one, with n = [D/2] unit eigenvalues, 
together with the requirement that the metric re- 
mains finite. In particular, this means that in an 
even number of dimensions the PCKY tensor de- 
generates to the (covariantly constant) Kahler 2- 
form and the Kerr-NUT-(A)dS spacetime becomes 
the Einstein-Kahler manifold. For the D odd the 
limit results in an Einstein-Sasaki space with a 
degenerate closed conformal Killing- Yano tensor. 
This tensor is directly related to the corresponding 
Sasakian 1-form. 

Slightly more generally, one can consider the 
even(odd)-dimcnsional canonical metric element 
admitting the PCKY tensor [ill, [2(| and perform 
the scaling limit to obtain the Kahler (Sasaki) 
space — without employing the field equations. 
Contrary to the BPS limit, where the primary 
transformation (guided by the supersymmetric al- 
gebra) is the transformation of parameters, in this 
approach the resulting manifolds are constructed 
from the 'purely geometrical' point of view. 

In Section II, we review some basic facts about 
the (even-dimensional) canonical metric admitting 
the PCKY tensor, provide a motivation for the 
scaling limit leading to the Kahler manifold, ex- 
plicitly perform this limit to obtain the Einstein- 
Kahler metric from the Kerr-NUT-(A)dS space- 
time, and construct the most general explicitly 
known Einstein-Sasaki space as a U(l) bundle over 
this metric. An odd-dimensional version of this 
scaling limit, leading to the same Einstein-Sasaki 
space, is discussed in the appendix. The towers of 
hidden symmetries of the original canonical met- 
ric and the obtained Sasaki space are compared in 
Section III. Section IV is devoted to conclusions. 



a 1-form £ so that 1 



\7 x h = X A £ . 



(4) 



The condition of non-degeneracy means that in a 
generic point of the manifold the skew symmet- 
ric matrix h a b has the maximum possible (matrix) 
rank and that the eigenvalues of h are functionally 
independent in some spacetime domain. In this 
domain, such eigenvalues may be used as 'natural' 
coordinates (see (2(| for more details). The equa- 
tion (0| implies 



dh = , £ = 



1 



D - 1 



-8h. 



(5) 



This means that there exists a 1-form, a PCKY 
potential, so that 



h = db. 



(6) 



The 1-form £ associated with h is called primary. 

The most general (off-shell) canonical metric 2 
admitting the PCKY tensor was constructed in 
[3 H3|- In an even dimension (D = 2n) the 
metric and the PCKY potential are (we sum over 
(i = l,...,n) 



2 ^ 

k=0 



U u 



3=0 



fc+1) 



dipk 



(7) 
(8) 



where 



4 fe) - E < 

Vl< — <Vh 



2 A (k) 



E 



Vl<---<Vk 



(9) 



Introducing the basis 



II. SCALING LIMIT OF MARTELLI AND 
SPARKS 




'^5>g>«ifc, (io) 



PCKY tensor and canonical metric 



The PCKY tensor ft, is a non-degenerate closed 



conformal Killing- Yano 2-form 2l]. 



, [231 . This 

means that for all vector fields X there exists such 



In what follows we use the notations of |24 |25I | . Oper- 
ations b, (t correspond to 'lowering', 'rising' of indices of 
vectors, forms, respectively. S denotes the co-derivative. 
For a p-form a one has Set = e*d*a, where d denotes 
the exterior derivative, * denotes the Hodge star opera- 
tor, and e = (-1)p( d -p)+p- 1 . The 'hook' operator _l 
denotes 'contraction'. 
2 To stress that a metric does not necessarily satisfy the 
Einstein equations we call it off-shell. 
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the metric and the PCKY tensor take the form 



where 



9can = u^ujv + Cj^& l , 
h = db = x^u* 1 Ad;' 1 



(11) 
(12) 



This means that the chosen basis is the Darboux 
basis for the PCKY tensor and that the coordi- 
nates x^ are natural coordinates associated with 
its 'eigenvalues' (see [24|,[25[ for more details). 



B. Limit of canonical metric 

We would like to perform a limit in which the 
canonical metric becomes a Kahler manifold. Since 
the Kahler 2-form can be considered as a 'special' 
closed conformal Killing- Yano tensor, it is natu- 
ral to seek the limit in which h — > fi. This is 
achieved when all the original (functionally inde- 
pendent) eigenvalues x^ of h become constant (so 
that Vx^l = 0), equal to one (so that Jl 2 = — J). 3 
So, we are led to the transformation 



(13) 



followed by the limit e — > 0. In order to obtain 
a 'reasonable' limit of the PCKY tensor and the 
metric, we perform the following additional trans- 
formations (k = 0, . . . ,n — 1): 



n— i 

^) fc [E(' 



i=k 



i-k-i 
i-k 



-{-2e)^X,. 



(14) 



(15) 



It is then straightforward to verify that we ob- 



tain 



or 



cr = 



dxu , 



E^'*, (16) 

3=0 



E< 

k=0 



.(fc+i! 



A M = JJ (x„ - ar M ) 



rO) 



E 



•^l/^ ■ ■ ■ 1 & 



(fc) 



E 



Xw, . . . X 



fl<—<f» 



1^1 < ■ ■ <l^fc 



So, we get 



(17) 



(18) 



h -> f2 = = o^ 1 A o A . (19) 

It is easy to check that g K is an (off-shell) Kahler 
metric and J~i its Kahler 2-form. 5 



C. Limit of Kerr-NUT-(A)dS metrics 

So far, our considerations were 'purely geomet- 
rical'. By performing a certain scaling limit, we 
have, starting from the canonical metric element 
and the PCKY tensor, constructed an (off-shell) 
Kahler metric and the corresponding Kahler 2- 
form. We shall now turn to the particular case of 
Kerr-NUT-(A)dS spacetime and demonstrate that 
the above described limit can be realized to obtain 
the Einstein-Kahler metric. 

The canonical metric a becomes the Kerr- 
NUT-(A)dS spacetime Ha HI obeying 

Ric KNS = (-l) n (2n - l)c„g KNS , (20) 

for the the following choice of metric functions: 



X H = E ° kX l k ~ 2d M X H ■ 



(21) 



k=0 



One of the (2n + 1) constants c%, can be scaled 
away, leaving the total number of physical param- 
eters equal to In. These are related to the mass, 
NUT charges, rotations, and the cosmological con- 
stant, cf. pop. 

In order to perform the scaling limit, (115[) . we 
re-parametrize as 



Y p = c„ J^(x M - oti) - 2b f _ l x fj 



(22) 



3 That such a degenerate closed conformal Killing- Yano 
tensor will be necessarily associated with the Kahler ge- 
ometry follows directly from the recent explicit construc- 
tion of the most general metric admitting the closed con- 
formal Killing-Yano 2-form [Hl^. 

4 The transition for the PCKY potential b is up to constant 
terms which have to be dropped before the limit e — > is 
taken. 



5 The Kahler 2-form f2 can be also understood as arising 
from the scaling limit ( 1 13P — J 15ft of an almost Kahler 2- 
form A = u)^ A <!>'* , see [f| for the 4D case, see also Sec. 
2.2. in [28ll . In other words, in this limit the properties 
of f2 and h 'merge' to form CI. Whereas the first one be- 
comes closed, the latter becomes completely degenerate. 
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Here, we understand that only (n — 1) of constants 
are nontrivial, we set b n = 0, and that 2n roots 
on are subject to the (n — 1) constraints, 



T (2i-1) 



(a) — , i = 1, . . . , n — 1 , 



(23) 



following from the fact that odd powers in the orig- 
inal expression (|21[1 vanish. 

Now, we can perform the following scaling of 
(unconstrained) parameters: 



1 — eai , j=l,...,n + l, 



1 



^(-2e)™ +1 6, 



(24) 



This is accompanied with a transformation of the 
remaining ctij's which follows from constraints (|23[) . 
We denote 



2n 



H - oh) 2" +1 C„ + 0(e) , 



(25) 



i=n+2 



where C n is some constant depending on n. 6 Per- 
forming the transformations ([13)1 and (|2"4"|) we find 



n+l 



* p -> i (-2e)"+ 1 [4c n C n []( a;Al - ai )-26 M + 0(e; 
i=i 

(26) 

We finally set c n = (— 1)"/C„ and take the limit 
e — > 0. The new metric functions take the form 

n+l 

X M = -4 JJ(oi-a; M )-26 M . (27) 
i=i 

The Kahler metric g K , (fT5|) , with these metric 
functions is an Einstein space obeying (TTJ). The 
scaling limit (jT3j) — dT5j) , together with (|24| . can be 
considered as a 'natural' higher-dimensional gen- 
eralization of the 4D limit considered by Martelli 
and Sparks [6j. 

Let us make two remarks. First, one can easily 
perform a different transformation of parameters 
to obtain the Ricci-flat Kahler manifold instead of 
the Einstein-Kahler one. For example, we set 

1 

4< 



-ec„, -> l(-2e)" +1 6„ 



Un+l 



0, a, — > 1 — eai , z = l,...,n. (28) 



6 For example, in 4D the constraint (I2.'it constitutes only 
one equation 

Oil + «2 + »3 + a i = . 

It follows, that the last parameter, on, transforms accord- 
ing to @| 



04 



-3 + e(cifi + 02 + 03) 1 



and C2 = 1/2. In fl = 6 Eq. (I2.il gives two constraints. 
As a result, one finds C3 =5/8. 



Instead of (|27|) . we arrive at 



X M = 4c„C, 



26„ 



(29) 



and the resulting Kahler metric (|18[) is Ricci-flat. 
This is no surprise, since the first transformation 
in (|28p effectively sets the cosmological constant 
equal to zero. Such a limit corresponds to the BPS 
limit studied in (Toj . 

Second, it is well known that in 4D the canonical 
metric element, (0, can also describe the charged 
Kerr-NUT-(A)dS spacetime [II 03. The electro- 
magnetic charges enter one of the metric functions 
(|2"Tj) , let us say X 2 , as additional constant terms; 
X% = X 2 + e 2 — g 2 . The electromagnetic poten- 
tial is 



ip = -—\ex 2 (d'ifj + xldip 1 )+gx 1 (d'ifjo + xldi/j 1 )] . 
U 2 

(30) 

Performing all the previous transformations to- 
gether with 



-2e 2 e. 



(31) 



we obtain the same Einstein-Kahler metric as be- 
fore (the charges in X 2 vanish), but with an addi- 
tional potential 



ip = - — [e(dilJo+xidilJi)+g(dipo+X2dipi)] . 
^2 

(32) 

This potential gives rise to the 'electromagnetic 
field' F — dip (satisfying both Maxwell equa- 
tions) with vanishing energy-momentum tensor. 
Hence, we have a formal solution of the coupled 
Einstein-Maxwell theory. Another such electro- 
magnetic field in any 4D Kahler manifold is given 
by the Kahler 2-form J~2, or by the Ricci 2-form 
Pab = l/2i? Qb cd ri C( j in the case of the Kahler man- 
ifold with positive constant curvature (29J. The 
2-form F was used by Martelli and Sparks [f| to 
construct a harmonic, supersymmetry preserving, 
(2,l)-form on the Calabi-Yau cone over the L p,q,r 
space (see also [30| and references therein). 



D. Einstein— Sasaki spaces 

To summarize our main result, the derived 
Einstein-Kahler metric and the Kahler potential 
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are 



X n = 



X 



n+l 



" 3 =0 

-4 JJ(«i- Xp) -26 M , 



(33) 



(A)dS spacetimes and the tower of hidden sym- 
metries of the obtained Einstein-Sasaki spaces. 7 
Whereas the latter is underlined by the existence 
of Killing spinors, it is at the moment unclear 
whether the first one can be related to some gen- 
eralized notion of such a spinor. 



A = J2° ik+1) Wk 



fc=0 



The metric is diffeomorphic to the one obtained 
in [l(| by the BPS limit of the odd-dimensional 
Kerr-NUT-(A)dS spacetime. It is also identical 
to the Einstein-Kahler metric admitting the non- 
degenerate Hamiltonian 2-form, constructed al- 
ready in [3l| . 

The U(l) bundle over this metric, (JSj), is an 
Einstein-Sasaki space. It is diffeomorphic to 
the most general explicitly known Einstein-Sasaki 
space constructed in (Io| . By restricting its param- 
eters one can obtain a complete and nonsingular 
manifold. 

Slightly more generally, one can consider an (off- 
shell) Sasaki space 



g K + (2A + d^ n f 



(34) 



where A and g K are given by (|T5)) and (fT5|) . As 
shown in the appendix, this space can be obtained 
by a scaling limit of an odd-dimensional canonical 
metric admitting the PCKY tensor. Its Sasakian 
1-form r] — 2 A + dip n , which is [13] a special unit- 
norm Killing 1-form obeying for all vector fields 



Vx-q = ^X^d-q, (35) 

Vx(dv) = -2JTAJ7, (36) 

is related to the (degenerate) conformal Killing- 
Yano tensor fc = dA as 



V = 



1 



D - 1 



■5k. 



(37) 



Since k can be obtained by the limit of the (odd- 
dimensional) PCKY tensor h, we see that the orig- 
inal PCKY tensor gives rise to the Sasakian 1-form 
rj defining the Sasaki space (|3"4"f . 



III. HIDDEN SYMMETRIES AND 
KILLING SPINORS 



A. Hidden symmetries of canonical 
spacetimes 

The conformal Killing- Yano (CKY) tensor k of 
rank p is ap-form which for all vector fields X 
obeys [U, HI 



Vyfc 



1 



1 



-X dk 



1 



D-p+1 



X^ASk. (38) 



That is, it is an antisymmetric object, the covari- 
ant derivative of which splits into the 'exterior' and 
'divergence' parts. If the first part vanishes the 
CKY tensor is closed. The vanishing of the second 
term means that we are dealing with a Killing- 
Yano (KY) tensor. Since, under the Hodge dual- 
ity the exterior part transforms into the divergence 
part and reversely, the Hodge dual of a closed CKY 
tensor is a KY tensor and vice versa. 

It was demonstrated relatively recently [23| , that 
the (2n + l)-dimensional canonical spacetime (see 
the appendix), possesses a tower of CKY tensors 
of all ranks. This tower can be generated from the 
corresponding PCKY tensor as follows: Having a 
PCKY tensor, or, more generally, a closed CKY 
2-form, h = db, one can construct the tower of 
closed CKY tensors (k = 1, . . . ,n) 



h k = h 



Afc 



hA...Ah 



total of k facto 



with the potentials 

b k = 6 A (<26) Afc , h k = db k -i 



(39) 



(40) 



Their Hodge duals f k are the KY tensors of rank 
(D-2k), 



fk = * h k 



(41) 



This results in the following tower of CKY tensors 
of increasing rank: 

{*(db) A, \ db, *(db) An -\ (db) A2 , . . . , (db) A "} 

(42) 



In this section we would like to bring to attention 
a similar structure of the tower of hidden symme- 
tries in the original (odd-dimensional) Kerr-NUT- 



7 We reserve the phrase 'hidden symmetries' for the exis- 
tence of (conformal) Killing— Yano tensors. 
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In this tower, the first element is a KY 1-form. 
It is followed by a closed CKY 2-form, which is 
followed by a KY 3-form, and so on; CKY tensors 
of increasing rank are alternatively KY and closed 
CKY tensors. As we shall see below, this is typical 
for the tower of CKY tensors constructed from a 
Killing spinor. 



B. Hidden symmetries of Sasaki spaces 

The tower of hidden symmetries in Sasaki spaces 
was described already in 2002 by Semmelmann 
[32| . The structure of this tower is derived from 
the Sasakian 1-form r\. Having such a 1-form, one 
can construct the following (2k + l)-forms: 

u k = V A (d V ) Ak . (43) 

Using (f35|) and (f36|) . one can show that these are 
special KY tensors obeying for all vector fields X 

Vx^fc = dWfe , (44) 

V x (du> k ) = -2(Hl)I k A« t . (45) 

In particular, this implies that u)k are eigenforms 
of the Laplace operator corresponding to the eigen- 
values 4(fe + l)(n — k), and that ~f k = du3k-i are 
even-rank closed CKY tensors. One has 

7 fc = du k -i = (dr]) Ak = *w„_ fc . (46) 

The connection to a more general construction (|39f 
is through the obvious fact that 7 = dr\ is a closed 
CKY tensor. In the case of the Sasaki space, ([M)) , 
7 = dr\ = 2dA = 2k, and this CKY tensor can 
be understood to be 'inherited' from the PCKY 
tensor of the canonical spacetime. 

The tower of hidden symmetries for a Sasaki 
space is 

{77, dr,, ryAdry, (dr^ 2 , . . . , r,A (dry)^ 1 , (d V ) An } . 

(47) 

Again, KY tensors alternate closed CKY tensors as 
the rank increases. The new feature in this tower is 
that the KY tensors u>k are special, obeying (|4"S"j) . 
while, at the same time, they play the role of po- 
tentials for the even-rank closed CKY tensors j k , 
cf. Eq. gDD. 

Let us stress that neither the tower of hidden 
symmetries for the Sasaki space, (|4T)) . nor the 
tower for the canonical metric, (|42]) . are subject 
to field equations. These hidden symmetries are 
purely geometrical, irrespective of the fact whether 
the Einstein equations are satisfied or not. 



C. Towers of hidden symmetries from Killing 
spinors 

Let us now take a closer look at the relation- 
ship of hidden symmetries and Killing spinors. A 
Killing spinor ip^ with a Killing number A is a 
spinor which for all vector fields X obeys 

Dxv* =±iXX-<p ± . (48) 

Here, Dx denotes the covariant derivative on 
spinors, and • stands for the Clifford multiplica- 
tion. Eq. I|48p imposes strict restrictions on the 
manifold. Namely, in Euclidean signature and for 
A real, the integrability conditions imply that the 
manifold is a compact Einstein space with positive 
curvature and special holonomy. 

Having Killing spinors ip^, one can construct 
two towers of CKY tensors of increasing rank [33] . 
They consist of p- forms a p , f3 p , respectively (p = 
1, . . . , D — 1), defined on the arbitrary vector fields 
X. \ , . . . , X. p as 

a p (X x , ...,X p ) = ((X 1 A.. .AX p ).<p+ <p~), 
(3 p {X x , ...,X p ) = ((X 1 A. . .AX p ).<p+, <p+). 

(49) 

These towers have the following properties: Inside 
each tower, tensors of increasing rank are alter- 
natively KY and closed CKY tensors. Namely, 
even-rank forms a.2k are KY tensors and odd- 
rank forms a.2 k +i are closed CKY tensors. More- 
over, forms a.2k are potentials for closed CKY ten- 
sors £*2fc+i; <*2fc+i « da.2k- The second tower is 
similar, but now /32fc+i are KY tensors, whereas 
02k+2 d(3 2 k+i are closed CKY tensors. 

We see, that the properties of the tower com- 
posed of (3 p are precisely what we have observed 
in the case of Sasaki spaces. This is not surprising 
for the Einstein-Sasaki spaces. It is well known, 
see, e.g., [T3 |. that such spaces admit a pair of 
conjugate Killing spinors ip ± , obeying (|48|) with 
A = 1 . The tower of hidden symmetries is in this 
case underlined by the existence of these spinors. 
However, while Killing spinors of the kind (14"5)) ex- 
ist only in Einstein spaces, we have seen that the 
tower (|4T| is present for any Sasaki space, irrespec- 
tively of the field equations. It is a natural ques- 
tion to ask whether the construction (|4"5)) cannot 
be realized for all Sasaki spaces. In other words, 
can one find the 'square root' of hidden symmetries 
(|47p in terms of some 'generalized Killing spinor' ? 
And even more interestingly, can this be done in 
the original canonical spacetimes? Whereas the 
explicit examples of metrics presented in this pa- 
per cannot give a general answer, they may provide 
a useful 'test-ground' for studying these questions, 
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especially, when the transition between these met- 
rics is explicitly in hand. 



IV. CONCLUSIONS 

The AdS/CFT correspondence relates the prop- 
erties of Einstein-Sasaki spaces to properties of su- 
perconformal field theories. The construction of 
such geometries therefore attracts a lot of atten- 
tion. The most general explicitly known Einstein- 
Sasaki spaces were obtained in [13] by the BPS 
limit of Kerr-NUT-(A)dS spacetimes. In this pa- 
per we have suggested an alternative procedure 
which generalizes the approach of Martelli and 
Sparks [6]. In this procedure, one starts from the 
canonical spacetime admitting the PCKY tensor 
and performs a scaling limit in which the PCKY 
tensor becomes completely degenerate, with equal 
constant eigenvalues. As a result, in an even 
number of spacetime dimensions the PCKY ten- 
sor 'degenerates' to the Kahler 2-form and one ob- 
tains a Kahler manifold. In an odd dimension the 
PCKY tensor gives rise to the Sasakian 1-form and 
the limit of the canonical spacetime results in the 
Sasaki metric. 

The advantage of this purely geometrical tran- 
sition is that it allows one to compare the proper- 
ties of the original spacetimes and the properties 
of the resulting manifolds. In particular, we have 
noticed a similar structure of the towers of hid- 
den symmetries. Interestingly enough, this simi- 
larity is valid off-shell. It might be related to the 
existence of a some kind of 'properly generalized' 
Killing spinor. Another advantage of this approach 
is that one gets a better control on the limit of 
parameters when considering a particular solution 
of the field equations. One can, for example, di- 
rectly construct a Ricci-flat Kahler manifold, or to 
preserve the 4D electromagnetic field. All this in- 
dicates that viewing the supersymmetric limit of 
Kerr-NUT-(A)dS metrics from the perspective of 
the PCKY tensor might be useful and may possi- 
bly bring some new insights in the future. 



APPENDIX A: SCALING LIMIT IN ODD 
DIMENSIONS 



In this appendix we perform a scaling limit of the 
odd-dimensional (D = 2n + 1) Kerr-NUT-(A)dS 
spacetimes. Similar to the main text, we first con- 
sider the geometrical limit of the canonical metric 
admitting the PCKY tensor. The metric and the 



PCKY tensor are [2 

a 



= + J^w" + u £ u e , (Al) 



h = db = Xy. lj 1 - 1 Ad;^ . 



(A2) 



Here, basis forms u)^, u)^ are given by (flT)]) , PCKY 
potential b by ([5]), and we have introduced an ad- 
ditional basis 1-form 



S 



(A3) 



3=0 



In order to 'scale away' the constant S we perform 
the limit in which we first set all the eigenvalues 
of h equal to some constant c. So we perform 
= 0, ...,n-l) 



"At ) 
n-1 



1 



(-2e) n+L X 



l=k 



i-k-l 
l-k 



ipic 



■ipk ■ 



(A4) 



1=0 

followed by the limit e — > 0, cf. Eqs. (|T3" ]H fI5 j) . As 
a result, we obtain u)* 1 — ► o M , d) M — > o M , b — » cA , 
given by (| 16(1 . and in addition, 

S 



— r], r) — 2 A + dtjj rl 



(A5) 



Choosing now the constant c, so that c n+1 = S, 
we get the Sasaki space g s , (|3"4"1) . 

9ca„ -» 9 S = 9 K + (2^4 + dyj n ) 2 . (A6) 

The PCKY tensor h/c results in the degenerate 
closed CKY tensor k = dA, and the primary 1- 
form £/c transforms to the Sasakian 1-form 77, 

1 dh I 

c 



1 



D- 1 c 



ri 



D - 1 



8k . (A7) 



In particular, for the Kerr-NUT-(A)dS space- 
times, obeying Ric KN s = (-l)"2nc Ii Q KNS , we have 
the following metric functions [13, HI] : 



c fc a£ fc -2d M - 



n+l 



k=l 



(A8) 



x » x v i=i 



where, again, we set b n = 0. We transform 

1 



CKj — > c — 2ec«i , by 
Then we have 



4 -(-2e-)" + V 



(A9) 



n+1 



i=l 



j{-2e) n+1 icnd^ 1 Y[(xy- ai )-2by+0(e) 

(A10) 



8 



Choosing c n = (— l)"/c™ _1 , and in the limit e — > 0, 
we find the metric functions (|2"Tj) and the Sasaki 
space (|A6| becomes the Einstein-Sasaki space ob- 
tained in Section II as a U(l) bundle over the 
Einstein-Kahler metric. 

The Sasaki space (|A6|) does not allow the Ricci- 
flat solution (see, e.g., [L4j). However, one can 
perform a slightly different limit of the odd- 
dimensional canonical metric (|A1|) . to obtain a 
'Kahler string', 

9ca„^ 9 stline = 9 K + dT 2 . (All) 

The string is Ricci-flat when g K is, that is, when 
the metric functions take the form ((29)) . Metrics 
(|A6|) and (|A11|1 correspond precisely to the two 



possibilities available for the odd-dimensional met- 
ric admitting a completely degenerate closed CKY 
tensor [H,[23]. In terminology of these papers, the 
first one corresponds to the 'special' type whereas 
the second one to the 'general' type. 
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